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4.1 Maximum and Minimum Values
Learning Objectives: After completing this section, we should be able to
e find absolute extrema and local extrema of a function via its derivative.
Here are some questions we are trying to answer:
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M QxiMize (Dro‘p;%.
e What trajectory of an object
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There are some fringe cases
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Fact: A local extrema can only occur at x
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Fact: If f(z) is continuous on [a, b], then/ ]57 o E—}erm, Vile Theyen ) jngg\, e g
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Example. Let f(z) = e®sin(z) on [—2,7]. Find the absolute maximum and minimum.
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We need to be careful with our terminology.
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4.2 The Mean Value Theorem

Learning Objectives: After completing this section, we should be able to

e use the Mean Value Theorem and apply it to prove other results.

Example. Suppose you are driving on a highway. You note that you have travelled 100 miles in the last 2
hours. What do you know about your instantaneous velocity at any point on the trip?
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Example. Let f(z) = |z|. Note f(—1) =1 and f(2) = 2. J\_ ) ‘p ) 5 )
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Example. In Towa, there are marks on the interstate highway every 0.1 miles visible to an airplane or
helicopter. The speed limit on the interstate is 70 mph. A police helicopter notices that a car crosses one
mark and then 4.8 seconds later the car crosses the next mark. Will the driver get a speeding ticket?
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4.3 Derivatives and Shapes of Graphs

Learning Objectives: After completing this section, we should be able to
e find the intervals of increase and decrease of a function using the first derivative of the function.

e find the intervals of concavity of a function using the second derivative of the function.

4.3.1 First Derivative
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Example. Let f(x) = 22 + 322 — 122 + 1. Find all local extrema. .
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You try!
Example. Let f(z) = 325 — 202®. Find all local extrema.
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Example. Let f(x) = 2% — 2In(x). Find all local extrema.
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4.3.2 Second Derivative ,C 4 NS
r/ — - : ; (-x
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Example Continued.
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Second derivative test for local extrema: What can you say about extrema when f(x) is concave up?
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Example. From before: Let f(z) = 2% + 32% — 122 + 1. Use the second derivative test to find extrema.

Pew) = (x% +6x -~ 12 , AL it exisrs everpehec
=4 }:xq— Fx-1]
- éf(x L 2) (x—/)j /:Scr) 5
So K=-L  Qad x=| ere critical  A—m beore

Rl Donz 6x" +ex-12
L”(,():/'L% "’"@

X_’_,-L _P_”r,L): (2 (-1) -(—(,:_’8 < O :_) )OCR) M ax UL.)’ Y= -2

X=1 " 'P,/(l) = J2 () *6=18 20 => loc al M/ o‘p /P at  x=|



MTH 150 Section 4.3: Derivatives and Shapes of Graphs Page 16 of 28

You try!

Example. Let f(x) = 22?In(x) — 1122, Find all local extrema using the second derivative test.
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Question. Should you use the first derivative test or the second derivative test?
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4.4 Indeterminate Forms and L’Hopital’s Rule

Learning Objectives: After completing this section, we should be able to

e apply L’Hopital’s Rule to evaluate the limit of an expression in an indeterminate form.
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MTH 150
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Learning Objectives: After completing this section, we should be able to
e convert an optimization problem in words into a mathematical optimization problem.
e solve an optimization problem.

Now that we have tools to find extrema, we can use them to solve real-world problems!

Example. Suppose z and y are 2 numbers. Find these two positive numbers satisfying the equation
and the sum x + 2y is as small as possible.
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Example. A rectangular pen is being built against the side of a barn. There is 1000 m of fencing available.
What dimensions of the pen maximize the area of the pen?

- - p) o)
rM‘o)?a g S9N res+rocti—~£ X>0 J

Bg{‘n Const riat: [0OOOM ‘p</\co overlab le

=+ | ‘Dt(\ct vsed = xFy X

TX+y = ][00 0

Y

(LX}-/:_[oaO
=> J= looo - 2X

- X (/000 ~2.x)

So M aX]Mmidc A: X (’060— ZX)

=> A; [os0 X - 'Z—X’L

/
A= leoo = HX - nore A ex Y5 eved)s o lere
(Sd’)
[bo0 - 9X= 0
:> )oo o= 4YX
~ ’°Z° -1 SO

=> Xz
So Xx= 150 m iy a Cm‘*fca} Ao ber
ssa  Chart !
A A= [ 600- X try Xz oy K=1(000
> A =(000-91>0 A = foe0 =4 [ps0 < O

Rccat}/ /—' [oo 0 —1X
Ly s 1000~ 2ct%) = So0 m

The ep +ian ol dim enss o ns o-p ?’Lg f) en s 2 570m O‘P 704(\ Ce

[)Lr on o)fc.-/)o.f‘ +o !ba/‘n & nA So00 M (5‘0 ‘gc/\ ce

Fara“l—) "_b loa{'/\,



MTH 150 Section 4.7: Optimization Problems Page 24 of 28

Example. A rancher is building 2 adjacent, rectangular pens against a barn, each with an area of 50 m?2.
What are the dimensions of each pen that minimize the amount of fence that must be used?
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4.9 Antiderivatives
Learning Objectives: After completing this section, we should be able to
e find antiderivatives of given functions.

We’ve spent the majority of the semester taking derivatives. How do we undo taking a derivative?
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Let’s find antiderivatives for basic functions.

1. Powers
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3. Sum Rule
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6. Logs and Exponentials
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